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ADDITIVE PROPERTIES OF EVEN PERFECT
NUMBERS
YU TSUMURA
Abstract. A positive integer n is said to be perfect if σ(n) = 2n,
where σ denotes the sum of the divisors of n. In this article, we
show that if n is an even perfect number, then any integer m ≤ n
is expressed as a sum of some of divisors of n.
1. Introduction.
A perfect number is a positive integer whose proper divisors sum up
to n itself. Euclid proved that if 2p − 1 is prime, then n = 2p−1(2p −
1) is an even perfect number. Two millennia later, Euler proved the
converse.
Theorem 1. An even positive integer n is perfect if and only if it is
of the form n = 2p−1(2p − 1), where 2p − 1 is prime.
For a proof, see [1, Theorem 1.3.3, p. 22]. So we have a charac-
terization of even perfect numbers. However, it is not known whether
there are infinitely many perfect numbers. In addition, we do not know
whether there exists an odd perfect number. See [2] for these problems
and related unsolved problems.
2. Main results.
If n is a perfect number, then the sum of all its proper divisor is n.
Then, what can we say about the sum of some of its proper divisors?
Using Theorem 1, we can prove the following theorem.
Theorem 2. If n is an even perfect number, then any positive integer
m less than or equal to n is expressed as a sum of some of divisors of
n.
Before proving it, we give an example. 6 is an even perfect number
since its proper divisors 1, 2, and 3 sum up to 6. Theorem 2 says every
positive integer m ≤ 6 can be written as a sum of some of 1, 2, and 3.
For m = 1, 2, and 3, they are themselves proper divisors, so we do not
need to think about them. For m = 4, we have 4 = 1 + 3. For m = 5,
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we have 5 = 2 + 3. Finally, since 6 itself is a perfect number, we have
6 = 1 + 2 + 3.
Let us move on to the proof of Theorem 2
Proof. From now on, any divisor means a proper divisor of n. Suppose
n is an even perfect number. By Theorem 1, we can write n = 2p−1Mp,
where Mp = 2
p − 1 is prime. First of all, note that every number m
such that 1 ≤ m ≤ 2p−1 is a sum of some of 1, 2, 22, . . ., 2p−1. (This is
just a binary representation of m.) Since 1, 2, 22, . . ., 2p−1 are divisors
of n, we could express every number in S0 = {1, 2, 3, . . ., Mp} as a sum
of some of divisors. Since we did not use a divisor Mp, we can add it to
numbers in S1 and we see that every number in S1 = {1+Mp, 2 +Mp,
3+Mp, . . ., 2Mp} is a sum of some of its divisors. Next, adding 2Mp to
numbers in S0, we see that every number in S2 = {1 + 2Mp, 2 + 2Mp,
3 + 2Mp, . . ., 3Mp} is a some of some of its divisors. Similarly, adding
kMp with 1 ≤ k ≤ 2
p−1−1 to numbers in S0, we see that every number
in Sk = {1+ kMp, 2 + kMp, 3 + kMp, . . ., (k+1)Mp} is a sum of some
of its divisors. Since the set of positive integer less than or equal to n
is
⋃
2
p−1
−1
k=0 Sk, we have expressed every m less than or equal to n as a
sum of some of divisors of n. 
The next question is whether this expression is unique or not. The
answer is negative. For example, we take a perfect number n = 6 and
m = 3. Then we can express m = 1 + 2 = 3 with proper divisors
of 6. Hence m = 3 can be expressed in two ways. In general, since
Mp =
∑p−1
i=0 2
i, Mp is expressed in two ways. Hence a multiple of Mp is
expressed in two ways except for n itself. However, we show that this
is only the case in the following theorem.
Theorem 3. The expression in Theorem 2 is unique except for m =
kMp, where k = 1, 2, 3, . . ., 2
p−1 − 1. Also m = kMp is expressed in
exactly two ways for k = 1, 2, 3, . . ., 2p−1 − 1.
Proof. First, we have seen that kMp is expressed in (at least) two ways
for k = 1, 2, 3, . . ., 2p−1 − 1. Now counting multiplicity, there are
22p−1 − 1 combinations of divisors of n since the number of proper
divisors of n = 2p−1Mp is 2p − 1. (To exclude an empty combination,
we subtracted 1 from 22p−1.) Since 22p−1 − 1− n = 2p−1 − 1, there are
no m other than m = kMp that is expressed in two ways and kMp is
not expressed in more than two ways. 
The next natural question is whether the converse is true. That is, if
n is an even positive integer and if every positive integer m less than or
equal to n is expressed as a sum of some of proper divisors of n, can we
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say that n is an even perfect number? Again, the answer is negative.
we give a counterexample. Let us consider n = 20. Then it is easy to
check that 20 is not a perfect number and some of its proper divisors
1, 2, 4, 5, 10 sum up to all positive integers less than or equal to 20.
In conclusion, divisors of an even perfect number n construct not
only n itself but also all positive integers less than or equal to n. What
a perfect number it is!
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